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MOLECULAR THEORY ON LIQUID CRYSTALLINE

MIXTURES

Hiromitsu Matsuda

Faculty of Engineering, Yamagata University, 4–3-16 Jonan,

Yonezawa 992-8510, Japan

Hatsuo Kimura

Department of Applied Physics and Chemistry, Fukui University of

Technology, Gakuen 3-6-1, Fukui 910-8508, Japan

The nematic-isotropic phase transitions in mixtures of rod-like and disc-like

molecules are studied by a mean field theory. We consider both attraction

and hard-core repulsion for the model molecules, thermotropic phase transi-

tions are found from the isotropic to one of the two types of uniaxially sym-

metric nematic phases: optically positive N
þ

and negative N
�
. On the other

hand, biaxially symmetric nematic phase is shown to be always less stable than

the uniaxial phase. We predict that re-entrant phase transition occur for the

lyotropic system.

Keywords: liquid crystal; molecular theory; phase transition; rod-disc mixture

INTRODUCTION

Various mixtures of liquid crystals have been actively used in applications.
However, mixtures of molecules having extremely different shapes are not
yet so well understood theoretically and experimentally.

Recent theoretical study and computer simulations found the lyotropic
phase transitions between the isotropic phase and all of the two types of
uniaxially symmetric nematic phases, say Nþ and N� , and biaxially sym-
metric nematic phase, say Nb phases by assuming only hard-core repulsion
among the molecules [1]. Palffy-Muhoray and Hoaston examined Nb phase
for the system of biaxial molecules [2]. However the Nb phase, for the
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mixtures of uniaxial molecules have not yet been found experimentally for
real systems [3,4].

In this paper, we study theoretically the nematic-isotropic phase tran-
sition in mixtures of rod-like and disc-like molecules. Assuming that both
the attractive dispersion force and hard-core repulsion are effective among
the molecules, we treat the system in the mean-field approximation. Then,
we find that one of Nþ and N� are stable depending on the mixing ratio,
and Nb is always unstable compared with the uniaxial phases.

MODEL AND THEORY

Let us consider a mixture of NR cylindrical rods with the length LR and di-
ameter DR (LR > DR) and ND circular discs with the width LD and diameter
DD (LD < DD). We consider that the interaction potential between i and j-th
molecules is the sum of the hard core repulsion and the attractive potential.

The hard-core repulsive potential is assumed as [5]

/a
ij ¼

1 : if i and jth molecules intersect

0 : otherwise

(
ð1Þ

and we assume that the attractive dispersion potential in the form [6]X
/a
ij ¼�

X
CRR rijð Þ �

X
CRD rijð Þ �

X
CDD rijð Þ

�
X

ARR rijð ÞP2 âaRi � âaRjð Þ �
X

ARD rijð ÞP2 âaRi � âaDjð Þ

�
X

ADD rijð ÞP2 âaDi � âaDjð Þ

ð2Þ

where rij is a the distance between the centers of molecules, aRi is the unit
vector indicating the direction of long axis of i-th rod and aDi indicates the
direction of the plane normal of i-th disc, the suffixes RR, RD and DD mean
interaction between rod-like molecules, rod and disc-like molecules and
disc-like molecules, respectively. P2(x) ¼ (3x2 � 1)=2 is the 2nd Legendre
polynomial. It is to be noted that the coupling constants C(rij) for the iso-
tropic interaction are all positive and for the

ARR / DaRð Þ2> 0

ARD / DaRð Þ DaDð Þ < 0

ADD / DaDð Þ2> 0

ð3Þ

anisotropic terms A(rij) are
Denoting the component of the polarizability parallel to the molecular

axis by ajj, and perpendicular one by a?. We define the anisotropy here
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as 4 a ¼ ajj � a?.

SR ¼
�

1

NR

XNR

i

P2 n̂nR � âaRið Þ
�
; SD ¼

�
1

ND

XND

i

P2 n̂nD � âaDið Þ
�
; ð4Þ

The orientational order parameters SR and SD are defined as
where nR and nD are directors for each molecule in the nematic phase and
h. . .i express the thermal average.

We calculate the free energy of the system as the function of order para-
meters using the method of symmetry breaking potential [7,8]. The result is
given by

Ftotal SR;SDð Þ ¼ Fnem þ Fmix þ FIso ð5Þ
Fnem

NkT
¼ 1

2
x2CRRS2

R þ P2 n̂nR � n̂nDð Þx 1� xð ÞCRDSRSD

þ 1

2
1� xð Þ2CDDS2

D � x ln I0 g0R
� �

� 1� xð Þ ln I0 g0D
� �

ð6Þ

Fmix þ FIso

NkT
¼ x2

2
cR 8þ 2

LR

DR

� �
þ x 1� xð Þ ffiffiffiffiffiffiffiffiffiffi

cRcD
p

8þ 1

2

DD

DR

ffiffiffiffiffiffi
LR

LD

r� �

þ 1� xð Þ2

2
cD 8þ p

2

DD

LD

� �

þ x lnxþ 1� xð Þ ln 1� xð Þ þ ln
N

V
� 1

� b
x

2
~CCRR þ x 1� xð Þ~CCRD þ 1� xð Þ2

2
~CCDD

 !
ð7Þ

where Fnem, Fmix and Fiso are free energy terms of nematic, mixing and
isotropic respectively. n ¼ N=V, k the Boltzmann constant, T the absolute
temperature, cR and cD the volume fractions for each molecules, and
x ¼ NR=N is the composition of the rods in the mixture.

C’s indicate the part of molecular interactions contributing the orienta-
tional order. They are expressed as

CRR ¼
~AARR

kT
þ 5LR

4DR

cR > 0 : rod� rod;

CRD ¼
~AARD

kT
� 5DD

8DR

ffiffiffiffiffiffi
LR

LD

r ffiffiffiffiffiffiffiffiffiffi
cRcD

p
< 0 : rod� disc; ~AA ¼ n

Z
A rijð Þdr

� �

CDD ¼
~AADD

kT
þ 5pDD

16LD

cD > 0 : disc� disc;

ð8Þ

the first term of C’s expresses the effect of attractive potential and the
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second the excluded volume effect due to the hard-core repulsion. We note
CRD < 0 whereas CRR > 0 and CDD > 0,

The order parameters of each molecule are determined by solving the
simultaneous self-consistent equations that describe the condition to
minimize the free energy:

g0R ¼ xCRRSR þ P2 n̂nR � n̂nDð Þ 1� xð ÞCRDSD

g0D ¼ P2 n̂nR � n̂nDð ÞxCRDSR þ 1� xð ÞCDDSD

(
ð9Þ

where we defined the functions

SR ¼
I1 g0R
� �

I0 g0R
� � ; I0 gð Þ ¼

Z
exp gP2 n̂ni � âaið Þf gdâai;

SD ¼
I1 g0D
� �

I0 g0D
� � ; I1 gð Þ ¼ dI0 gð Þ

dg
;

ð10Þ

The N-I transition entropy is given by

DRc ¼ Nk
x2

2
CRR
c � 5LR

4DR

cR

� �
S2
R

�
þ 1� xð Þ2

2
CDD
c � 5pDD

16LD

cD

� �
S2
D

þP2 n̂nR � n̂nDð Þx 1� xð Þ CRD
c þ 5DD

8DR

ffiffiffiffiffiffi
LR

LD

r ffiffiffiffiffiffiffiffiffiffi
cRcD

p� �
SRSD

	 ð11Þ

Further we can find the N-I transition temperature from condition
Fnem ¼ 0 for SR, SD is not 0.

CALCULATION AND RESULTS

We investigate the following four types of structure shown in Figure 1: Nþ

(Fig. 1(c)), N� (Fig. 1(a)) and NX (Fig. 1(b)) are the uniaxial nematic
phases in which two directors nR and nD are parallel, and Figure 1(d)
shows the biaxial nematic phase, say Nb, in which nR and nD are perpen-
dicular to each other.

In Figure 2, for example, we show the free energy as a function of com-
position at T ¼ 100K. Though the free energy of the Nb phase is lower than
the uniaxial nematic phases near xR ¼ 0.5, the coexistent phase of Nþ and
N� has lower energy than it. The state NX of Figure 1(b) cannot be found
as a stable solution of Eq. (9).

Figure 3 shows the T vs x phase diagram of this system. Figure 3a is for
numerical parameters:

190=[2326] H. Matsuda and H. Kimura
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FIGURE 1 Nematic structures for rod-disc mixture.

FIGURE 2 Free energy for T ¼ 100K.
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LR ¼ 25; DR ¼ 5; ~AARR=k ¼ 622; ~CCDD=k ¼ 1000; cR ¼ 0:4

LD ¼ 5; DD ¼ 25; ~AADD=k ¼ 622; ~CCDD=k ¼ 1000; cD ¼ 0:4

~AARD ¼ �0:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~AARR � ~AADD

p
; ~CCRD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~CCRR � ~CCDD

p
and Figure 3b is for,

LR ¼ 204=3; DR ¼ 201=3; ~AARR=k ¼ 622; ~CCDD=k ¼ 1000; cR ¼ 0:11

LD ¼ 1; DD ¼ 20; ~AADD=k ¼ 622; ~CCDD=k ¼ 1000; cD ¼ 0:11

~AARD ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~AARR � ~AADD

p
; ~CCRD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~CCRR � ~CCDD

p

FIGURE 3 (a). The phase diagram for each anisotropy are 5. (b). The phase dia-

gram for each anisotropy are 20.
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Thus, we found that the stable phases in the mixtures are optically positive
rod-like nematic phase (Nþ) for x > 0.5, negative disc-like one (N�) for
x < 0.5 and the coexistence of Nþ and N� phases near x ¼ 0.5. And if as-
pect ratio is larger the coexistence region becomes narrower by comparing
between Figure 3a and Figure 3b.

In Figure 4a, the order parameters are shown as the function of compo-
sition at T ¼ 220K for the system of Figure 3a. The N�-I first order phase
transition by concentration change occurs about x ¼ 0.15 and the Nþ -I one
about x ¼ 0.7 in this case. We show in Figure 4b the temperature
dependence of the order parameters for x ¼ 0.7 for the system of

FIGURE 4 (a). Composition dependence of order parameter for Figure 2a and

T ¼ 220K. (b). Temperature dependence of order parameter for Figure 2a and

x ¼ 0.7.
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Figure 3a, where the Nþ -I first order phase transition occurs due to the
temperature change.

In Figure 5, we show the effect on transition temperature and entropy of
magnitude of interaction between different kind of molecules. We can see
from Figure 5(a). If CDD the interaction between different kinds of mole-
cules becomes strong, the transition temperature increases. On the other
hand, as shown in Figure 5(b), the transition entropy becomes lower when
CDD increases.

FIGURE 5 (a). Changing transition temperatures. (b) Changing transition entro-

pies. Changes of transition temperatures(Fig. 4a) and entropies(Fig. 4b) when

CRD which the interaction between different kind of molecules changes. Case I:

Weak coupling; Attractive interaction decreases or volume of rod-like molecules

increases. Case II: Strong coupling; Attractive interaction increases or volume of

disc-like molecules increases.
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We examine the lyotropic system using only hard-core potential and
show this result in Figure 6. It is for numerical parameters:

LR ¼ 20
4
3 DR ¼ 20

1
3

LD ¼ 1 DD ¼ 20

Thus, biaxial nematic phase don’t occur of this system as same as thermo-
tropic phase transition. And this result predict that re-entrant phase tran-
sition occur by concentration in the mixture of rod-like and disc-like
molecules.

CONCLUDING REMARKS

Assuming the intermolecular attraction as well as the hard-core repulsion,
we found for mixtures of rod-like and disc-like molecules that the biaxial
nematic phase is less stable than uniaxial phases. The first order thermo-
tropic phase transitions occur between two types of uniaxial nematic, say
Nþ and N� , and isotropic phases. We can expect that the Nþ to N� tran-
sition by changing the mixing ratio with a finite coexistence region. The
uniaxial phases coexistence region get narrower when aspect ratios of
rod and disc get larger at the same time. It is possible that the re-entrant
phase transition occur for the lyotropic system.

The biaxial nematic phase Nb which has been predicted by computer
simulation for very large aspect ratio such as 15 or 20 [1]. However our re-
sult indicate that Nb does not appear. We expect that the contradiction is
due to the simplification of our model or simulation system size. Phase sep-
aration between Nþ and N� might be taken for Nb phases, if the system

FIGURE 6 The phase diagram in the lyotropic system.
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size of the simulation is small. Experiment in colloidal lyotropic system for
which each aspect ratio are LR=DR � 10 and DD=LD � 15 could not find the
biaxial nematic phase Nb [3]. And our results do not contradict experi-
mental one of thermotropic system [4].

Though liquid crystalline property of mixture is complex, our present
model and method can be applied to both the lyotropic and thermotropic
systems. We shall further investigate for comprehensive understandings
considering also the possibility of more ordered structures such as the
smectic and columnar phases.
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